We discuss spontaneous symmetry breakdown (SSB) of both global and local scale symmetries in scalar-tensor gravity with two scalar fields, one of which couples nonminimally to scalar curvature while the other is a normal scalar field. In case of a global scale symmetry, by moving from the Jordan frame to the Einstein frame, a normal scalar field becomes massive while the dilaton remains massless after the SSB. In case of a local scale symmetry, we take a gauge fixing condition for the local scale invariance, aR + bφ 2 = k, which was found in our previous study of a Weyl's quadratic gravity.
Introduction
In this article, we wish to discuss how both global and local scale symmetries are spontaneously broken in a scale invariant scalar-tensor gravity with two scalar fields, one of which is a dilaton and couples nonminimally to scalar curvature [1] . The theory has thus far played an important role when we discuss a manifestly scale invariant regularization method [2] .
There are several motivations behind the present study. One motivation comes from a very simple question: Starting with a conformally invariant scalar-tensor gravity, 2 is it possible to construct a physically viable and interesting theory without taking a "unitary gauge" where the "dilaton" is put to be a constant, φ(x) = const.? With the unitary gauge for conformal symmetry, there is no ghost associated with the scalar field φ(x), but then we cannot have any benefit of conformal symmetry, i.e., only the Einstein-Hilbert action with a positive Newton constant, which is not invariant under conformal transformation, is left behind. Thus, conformal symmetry in the conformally invariant scalar-tensor gravity is sometimes called fake symmetry [3, 4] , but is it really useless? In this study, we show that it is not the case, but the conformally invariant scalar-tensor gravity produces the Einstein-Hilbert action plus an R 2 term in the lowest level of approximation in fields, and a resultant action is free from a ghost associated with the dilaton via the SSB when we take an appropriate gauge fixing condition for conformal symmetry.
As a second motivation, in our previous work [5] , starting with a quadratic gravity in the Weyl conformal geometry [6, 7] , we have obtained the Einstein-Hilbert action with a positive cosmological constant and a massive Weyl gauge field by means of a gauge condition for the Weyl gauge symmetry, aR + bφ 2 = k, whereR is Weyl's scalar curvature and a, b, k are constants. A question then arises if this argument could be inverted or not, i.e., beginning with the conformally invariant scalar-tensor gravity with a linear scalar curvature, is it possible to get a quadratic gravity (plus the Einstein-Hilbert action) through an analogous gauge condition, aR + bφ 2 = k, for conformal symmetry. We will also see that this is indeed the case.
The third motivation is that even if we have presented a new idea of the SSB of the Weyl gauge symmetry based on the Weyl geometry [5] , its content is a bit difficult to understand due to the complicated structure of the Weyl geometry. Thus, we wish to account for our idea more clearly in the framework of a simpler theory, which is nothing but the conformally invariant scalar-tensor gravity in the Riemann geometry.
The final motivation is related to our conjecture of the origin of the Higgs potential: The Higgs potential might stem from the gauge fixing condition for conformal symmetry or the Weyl gauge symmetry [5] . As regards this conjecture, let us recall that in the standard model (SM) the Higgs potential for symmetry breaking of gauge symmetries is introduced by hand without asking its origin, and the SM has a classical scale symmetry if one sets a (negative) Higgs mass term to zero [8] . This situation might support our conjecture that the Higgs potential could be generated by symmetry breaking of conformal symmetry.
We close this section with an overview of this article. In Section 2, we briefly review the SSB of scale symmetry in a scale invariant scalar-tensor gravity with two scalar fields. In Section 3, we work with the conformally invariant scalar-tensor gravity. We see that with a suitable gauge fixing condition for conformal symmetry, together with conformally invariant potential terms in a classical action, the Higgs potential is generated, and as a result the Einstein-Hilbert action plus an R 2 term is generated by the Higgs mechanism. Section 4 is devoted to the conclusion.
Spontaneous symmetry breakdown of global scale symmetry
There is a well-known mechanism of spontaneous symmetry breakdown of a global scale symmetry [1, 9] . In this section, as a prelude to the conformally invariant scalar-tensor gravity treated in the next section, we shall briefly review a scale invariant scalar-tensor gravity with two scalar fields, explain how the scale symmetry is broken spontaneously, and then point out unsatisfactory points of this SSB mechanism.
As a model of a scale invariant scalar-tensor gravity with two scalar fields, let us work with the following Lagrangian density in the Jordan frame 3 :
where ξ is a constant, and ǫ takes the value +1 for φ being a normal field while it does −1 for φ being a ghost field. Moreover, φ and Φ are two distinct scalar fields, and λ i (i = 1, 2, 3) are dimensionless coupling constants. As often taken in the application for the BSM [11] , we assume that λ 1 > 0, λ 3 > 0 and λ 2 < 0, and furthermore |λ 2 | ≪ λ 1 , λ 3 ≈ O(0.1).
The conformally invariant scalar-tensor gravity, which will be considered in the next section, corresponds to either the case of ξ = 1 6 and ǫ = −1 or the case of ξ = − 1 6 and ǫ = 1. In this section, since we consider only a globally scale invariant theory, we assume ξ > 0 and 6 + ǫ ξ > 0. From this Lagrangian density, it is straightforward to derive the field equations for the metric tensor g µν and the two scalar fields φ, Φ whose result is written as
where we have defined
Using these field equations, one can derive the following equation:
where we have defined ζ −2 ≡ 6 + ǫ ξ > 0. The key step for the SSB of scale invariance is to move from the Jordan frame (J-frame) to the Einstein frame (E-frame) by applying a conformal transformation, i.e., a local scale transformation:
After some calculations, we can derive the transformation rule for scalar curvature [1] :
Using these relations, we find that the Lagrangian density (1) can be cast to the form in a new conformal frame:
Moving to the E-frame requires us to choose the scalar field φ ′ to 4
where M P l is the (reduced) Planck mass defined as M P l = 1 √ 8πG = 2.44 × 10 18 GeV with G being the Newton constant. Then, in the E-frame, up to a total derivative, the Lagrangian density (8) reduces to the form:
Here we have defined
where a scalar field σ is called "dilaton". Now, owing to our assumption λ 1 > 0, λ 3 > 0 and λ 2 < 0, we have a Higgs potential given by
which determines a vacuum expectation value (VEV):
Expanding as Φ ′ = Φ ′ +Φ ′ withΦ ′ being a quantum fluctuation, we have
where we have simplified the equations by using the relation |λ 2 | ≪ λ 1 , λ 3 ≈ O(0.1) and we have defined m Φ = 2|λ 2 | ξ M P l . As is obvious from (14) , the SSB of scale symmetry has occurred and as a result the scalar fieldΦ ′ becomes massive while the "dilaton" σ remains massless, which is nothing but a Nambu-Goldstone field. Also notice that the dilaton couples to the scalar fieldΦ ′ with derivatives which is one of characteristic features of the dilaton. To establish that σ really plays a role of the Nambu-Goldstone field, it is useful to derive the dilatation current associated with scale invariance, for which the scale factor Ω becomes a constant independent of the coordinates x µ . It is then convenient to consider an infinitesimal transformation given by
where |Λ| ≪ 1. Using the Lagrangian density (1) and the infinitesimal scale transformation (5) with (15), we find that via the Noether theorem the dilatation current J µ reads
The dilatation current is certainly conserved
where we have used the equation (4). In the E-frame, this current can be written as
Provided that one defines the dilatation charge as Q = d 3 xJ 0 , owing to the linear term in σ its charge fails to annihilate the vacuum |0
which shows that the dilaton σ is the Nambu-Goldstone boson arising from the SSB of scale invariance.
To close this section, let us summarize the scenario of the SSB explained above and comment on its problems. We have started with a scale invariant gravitational theory involving two kinds of scalar fields and only dimensionless coupling constants. In the process of moving from the J-frame to the E-frame, we had to introduce a dimensional constant, which is the Planck mass in the present context, to compensate for the mass dimension of the scalar field. This introduction of the Planck mass has triggered the SSB of scale symmetry. Let us note that in the conventional scenario of the SSB, there is a potential inducing the SSB whereas we have no such a potential in the present SSB. Nevertheless, the very presence of a solution with dimensional constants justifies the claim that the present scenario of the SSB is also nothing but spontaneous symmetry breakdown. Actually, this fact was explicitly verified by the dilatation charge, which does not annihilate the vacuum due to the presence of a linear dilaton.
There are, however, at least two problems in this scenario of the SSB. First, it is impossible to apply this scenario for the conformally invariant scalar-tensor gravity, for which we must take either ξ = 1 6 and ǫ = −1 or ξ = − 1 6 and ǫ = 1, due to ζ −2 ≡ 6 + ǫ ξ = 0. The second problem arises from the lack of the suitable potential in the sense that we cannot single out a solution realizing the SSB on the stability argument [1] . Incidentally, though it might be possible that the cosmological argument would pick up an appropriate VEV of a scalar field, it is not plausible that the macroscopic physics like cosmology could determine a microscopic configuration such as the VEV. In order to overcome these problems, by following the Coleman-Weinberg mechanism [12] we have derived an effective potential showing the SSB from radiative corrections of gravitational fields associated with higher derivative terms [9, 13, 14] . However, since we have considered the higher derivative gravity in these articles, we have automatically met a serious problem of violating the unitarity. The main purpose in this article is to look for an alternative mechanism for the SSB of conformal symmetry without violating the unitarity. and ǫ = 1. The former case implies the positive Newton constant (attractive gravitational force) and a ghost-like scalar field whereas the latter one does the negative Newton constant (repulsive force) and a normal scalar field. Since we wish to work with a theory which never violates the unitarity, we shall choose the latter case, i.e.,
For generality of the presentation, we will keep ξ and ǫ for a while, but these constants are in fact specified by Eq. (20) .
Although the argument done in case of scale symmetry cannot be directly applied for the case of conformal symmetry, let us first follow it to get some lessons. As in the scale invariant theory, suppose that we make a conformal transformation (5) for the Lagrangian density (1) . Under this transformation, the Lagrangian density (1) with Eq. (20) is invariant so its form remains the same. Next, in order to move to the E-frame, let us take a condition φ ′ = M P l √ |ξ| , which is now regarded as a gauge condition, the so-called Einstein gauge or unitary gauge for conformal symmetry, in the conformally invariant scalar-tensor gravity. In this context, it is useful to note that in quantum field theory, one must impose a gauge condition from the beginning. This gauge choice, however, results in the Einstein-Hilbert action with the negative Newton constant (repulsive force) which we cannot accept phenomenologically. In order to circumvent this problem, we have the following idea: If we set up a different gauge condition including the scalar field for conformal symmetry and this gauge condition produces a potential with a mass scale, which together with the conformally invariant potential terms in (1), a new VEV in the total potential might yield the positive Newton constant. In this section, we will pursue this possibility and see that this is indeed the case. Some people might suspect that a gauge fixing condition for conformal invariance would produce such an important physical result, i.e., a change of the sign of the Newton constant. But this suspection is not correct. The point is that our idea amounts to finding a new VEV in a total potential, which is composed of the potential in a classical action and the potential coming from the gauge fixing term. This total potential term is obviously not BRST-trivial, so our procedure of finding a new VEV in the total potential has a chance of yielding a physically meaningful result.
As for a more suitable gauge fixing condition for conformal symmetry, following our previous study [5] , let us adopt a more general gauge condition
where a, b are dimensionless constants while k is a constant having dimensions of mass squared. Before implementing the gauge fixing procedure, we are ready to present the BRST transformation for conformal symmetry given by
where c,c and B represent the FP ghost, the FP antighost and the Nakanishi-Lautrup field, respectively. It turns out that all the BRST transformations are nilpotent. Then, the Lagrangian density for the gauge fixing term and the FP ghost term is given by [15] 
where α is a gauge parameter and we have defined B * ≡ B + 2icc. After performing the integration over B * , we have
Adding (24) to the classical Lagrangian density (1), we obtain a quantum Lagrangian density given by
Let us notice that the gauge fixing condition has given rise to not only a potential term but also the terms involving the curvature scalar. This fact is important in obtaining a physically plausible theory as seen shortly.
Here, to avoid a ghost, the coefficient in front of an R 2 term must be positive [16] , so we will take the gauge parameter α to be
Next, let us focus our attention to a potential to find a VEV
where we used λ 1 − λ 2 2 λ 3 ≈ λ 1 . Then, as far as the conditions
are satisfied, for the potential V (φ, Φ) there is an absolute minimum at a VEV
(29)
In order to find the conditions needed for getting a consistent theory without ghosts (except for the FP ghosts), let us write down the Lagrangian density in the lowest level of approximation in the sense that we neglect quantum fluctuations around the minimum (29). Substituting (29) into (25) leads to a form
where the ghost sector is left for convenience though it is in essence in quantum fluctuations. First, it is natural to make the coefficient in front of an R term coincide with the square of the Planck mass divided by the factor 2:
which can be achieved by selecting the constant k like
Next, let us look at the ghost sector whose normal form is given by L ∼ −ic(✷ − m 2 F P )c. Comparing the normal form with the ghost term in Eq. (30), one must require the following conditions to be satisfied a > 0,
Eventually, using Eqs. (28), (31) and (33), the parameters in our theory must satisfy the conditions:
where we put ξ = − 1 6 . As a result, starting with the classical Lagrangian density (1) with Eq. (20), which is invariant under conformal transformation (5), performing the BRST quantization by the gauge condition (21), we have reached the Starobinsky model [17] with a negative cosmological constant as a quantum Lagrangian density in the lowest approximation
where we have ignored the FP ghosts and the negative cosmological constant Λ is given by
Finally, we would like to move on to quantum fluctuations around the VEV in Eq. (29) by expanding as
whereΦ andφ denote the quantum fluctuations. After a straightforward calculation, we find that using Eq. (20) the quantum Lagrangian density reads
where we have neglected the terms including |λ 2 | λ 3 ≪ 1 and defined
Here we should comment on the physical meaning of the quantum Lagrangian density Eq. (38). Let us first consider the Nambu-Goldstone theorem. In the theory under consideration, conformal symmetry is spontaneously broken so a massless Nambu-Goldstone (NG) boson should emerge in the mass spectrum, but at first sight there seems to be no such a massless boson in the Lagrangian density Eq. (38). With respect to this issue, let us recall that using a scalar field ω(x) an R 2 term can be rewritten as
It would be this massless scalar field ω that is a massless NG boson. To put differently, the massless NG boson, which appears as result of the SSB of conformal symmetry according to the NG theorem, would be absorbed into the curvature scalar, thereby an R 2 term being induced in Lagrangian density Eq. (38). This new degree of freedom is implicitly supplied by the gauge condition (21) since this gauge condition is second-order in derivatives (R includes the term such as ∼ ∂ 2 g). Thus, before and after the SSB, the number of dynamical degrees of freedom is unchanged. It is worth mentioning that a similar but inverse phenomenon has occurred in a Weyl's quadratic gravity [5] : Starting with anR 2 term in the Weyl geometry, and setting up a gauge condition for the Weyl gauge symmetry, we have been able to obtain the Einstein-Hilbert term and a massive Weyl gauge field, which "eats" a massless NG boson corresponding to the above scalar field ω(x). However, at present it seems to be difficult to show the above-mentioned phenomenon explicitly. The reason is that when we analyze the mass spectrum in the SSB, we usually make use of the unitary gauge where φ(x) = const. but in the theory at hand, the gauge condition (21) plays a critical role so that taking the unitary gauge does not make sense. One method for clarifying the present issue is to use a residual symmetry. In fact, the gauge condition (21) has a residual symmetry as long as the infinitesimal parameter Λ(x) for conformal transformation is satisfied with an equation
Then, with the infinitesimal global parameters α µ and β this equation is solved to be
where α µ must satisfy a relation α µ α µ + k 3a = 0. By following Ref. [18] , this residual symmetry can be used to show that a massless NG boson really exists in g µν . According to the Noether theorem, one can construct the Noether currents j µ ν , j ν and their Noether charges Q µ = d 3 xj µ 0 , Q = d 3 xj 0 for global vector α µ and scalar β parameters, respectively. Then, the residual gauge transformation with the parameters in Eq. (42) implies that
from which we obtain that
Hence, we can arrive at a result
since 0|g µν |0 = η µν with η µν being a flat Minkowski metric. This equation means that the symmetry corresponding to the scalar charge Q is necessarily broken, and consenquently g µν must contain a massless NG mode associated with the SSB of conformal symmetry. Another peculiar feature of the Lagrangian density Eq. (38) is that since the gauge condition (21) is second-order in derivatives, the FP ghost acquires a kinetic term and has a mass which is of order the Planck mass. This situation should be contrasted with that of a Weyl's quadratic gravity [5] where the FP ghost is non-dynamical. This emergence of dynamics of the FP ghost is related to the appearance of a NG boson. Moreover, as seen in Eq. (39), the scalar field φ acquires a mass of the Planck scale while the other scalar field Φ does a smaller mass than that of φ owing to the existence of the tiny coupling constant λ 2 .
As a final comment, we should stress that the quantum Lagrangian density Eq. (38) is free from a ghost problem associated with the scalar field φ and the Einstein-Hilbert term with a positive Newton constant is generated via the SSB of conformal symmetry. Thus, in this sense the fake symmetry in the conformally invariant scalar-tensor gravity is not really fake when there is an additional scalar field and the SSB occurs.
Conclusions
In this article, we have investigated spontaneous symmetry breakdown (SSB) of both global and local scale invariances. A global scale symmetry has been recently attracted much attention in particle physics such as BSM [8] and cosmology such as Higgs inflation [19] . Our findings in this article would shed some light on the development of those fields.
However, the global scale symmetry is supposed to be broken in the presence of gravitation due to no-hair theorems of black holes [10] , so it should be promoted to a local scale symmetry, that is, conformal symmetry. Then, the important question is how we can break conformal symmetry spontaneously, which might be related to a resolution to the gauge hierarchy problem and the cosmological constant problem. In order to understand the mechanism of the SSB of conformal symmetry, we have examined the conformally invariant scalar-tensor gravity with two kinds of scalar fields as a simpler model among various conformally invariant models. Our strategy for the SSB is to first gauge-fix conformal invariance by a suitable condition in a such way that a resultant action involving the gauge fixing condition provides us with a nontrivial potential having a mass scale as well as an action of scalar-tensor gravity. The nontrivial potential, together with the conformally invariant potentials existing in a classical action, determines a new VEV of the total potential, thereby producing the Einstein-Hilbert action with a positive Newton constant and an R 2 term in the lowest level of approximation.
As future's works, we wish to apply our conjecture of the origin of the Higgs potential to the other conformally invariant gravitational theories and construct more realistic models of the BSM. Moreover, based on these models we wish to consider the gauge hierarchy problem and the cosmological constant problem etc.
